Abstract. The paper provides new type examples covered by the general theory of global attractors for abstract parabolic equations presented in the monograph [C-D 1]. Inside the class of sectorial equations of the form
|orp A| < 7r -u) and the condition ||A(A + A) 1 || < M(9) holds on each ray A = re i0 , r G (0, +oo), |0| < TT -u.
One may easily show that A is of the type (u>, M(0)), u < if and only if A is a sectorial positive operator in the sense of [HE] . The equivalence of these two notions will be discussed in the Appendix.
An interesting theorem by T. Kato (see [KO, p. 320] ) ensures that: PROPOSITION 1. If A is of type (u,M(d) ) and if 0 < A < then A a is of type (au>, M a (0) ) with certain positive constant M a (9) . Furthermore, the resolvent of A a is analytic in a and A in the domain 0 < a < ¿j, |argA| < 7r -aw.
As a consequence, any proper fractional power A a , a G (0,1), of a sectorial positive operator A will be sectorial and positive itself. Furthermore, OBSERVATION 1. If A is of type (u,M(0) ) with u < §, then the sumA + A 13 is a sectorial operator for any ¡3 G (0,1).
The above observation follows directly from [HE, Theorem 1.4.4] and [HE, Example 6, p. 19] since V e >o V^( 0>1) V X6D(A) \\A^x\\ X < e\\Ax\\x + C'e^\\x\\ x .
Observation 1 may be formulated even more generally. As a direct consequence of [HE, Corollary 1.4 .5] one has (see also [G-G-S] 
OBSERVATION 2. Let A be of type (u>, M{0) ) and the operators Bj, j = 1,... ,m, be linear on a base space X. If BjA~a' G C{X, X) for some numbers aj G [0,1) 
, then the operator A + YlJLi Bj is sectorial in X.
Local solvability of abstract parabolic equations. As follows from the above considerations pseudodifferential equations of the type (2) fall into a class of abstract parabolic equations (3) ii + Au = F(u) , t> 0,
where A : D(A) -> X is a sectorial positive operator in a Banach space X and, for some 0 G [0,1), the nonlinear term F : X& -> X, X 13 = D{A 0 ), is Lipschitz continuous on bounded sets. Recall that (see [HE, Chapter 3] , Sections 2.1, 9.4 
If the Lipschitz condition for F is violated, solvability of (3) is a more delicate problem. The following result comes from [C-D 2] F(u(s) )ds, t 6 [0, r). o Extendibility of the local solutions and a global attractor. If the solutions are unique and exist globally in time, the problem (3) defines a C° semigroup on a phase space X&. To describe the stability of (3) we recall a notion of a global attractor (see [HA] ) which is a compact, nonempty, and invariant set A, such that
The following result of [C-D 1] provides the abstract conditions for the existence of the global attractor.
PROPOSITION 4. Under the assumptions of Proposition 2, when the resolvent of A is compact, the following two conditions are equivalent:
(i) relation T(t)uo = u(t,uo) 
||u(i,uo)||y < cdl^ollx")) <e(0 , T Uq ), U 0 exf, and, simultaneously,
where (5) is also asymptotically independent ofuo € Proposition 4 may be proved similarily as Corollary 4.2.2] . We
is admissible in (6) provided that Y C X (see Remark 3.1.3] ). Also, under the assumptions of Proposition 3, (ii) is sufficient for (3) to generate a semigroup having a global attractor in X& (see [C-D 2, Corollary 1]) whenever mild solutions (4) are unique.
Excerpts from the theory of interpolation. In applications it is important to have the embeddings of fractional power spaces in Sobolev and Holder type spaces. It is even more convenient to have the complete characterization of X& spaces (X being a complex Banach space) which is known, provided that the purely imaginary powers of A are bounded; i.e. (7) \\A«\U(x,x)<Ce, te [-e,e] .
If this is the case, the following interpolation formula holds
where [•, denotes the complex interpolation functor (see [TR] ). The well known examples of operators with the BTV property (7) are the maximal accretive operators in a Hilbert space with 0 in the resolvent set or, to be more specific, the self-adjoint, positive definite operators. For the discussion concerning the BIV property of the elliptic operators we refer to Section 1.3] , which provides the overview of the recent results within this field.
The operator -Ad in Z^fO), p 6 (l,+oo), dCl 6 C 2 , appearing in the examples below has been recently studied in [P-S] where it was shown that
Therefore we have a characterization (8) of the domains = D(-Afl) a and, in particular,
Using (9) and the embeddings for the spaces H 2a (il) of Bessel potentials (see [TR] ), we obtain strict inclusions:
g. for p = 2 with further assumption dCl 6 C 2+v , rj > 0, the inclusion in (9) turns to the equality
Part II. Examples
We provide here two special examples of equations having fractional powers of elliptic operators as the main part. Another equations and their physical motivation may be found in [B-P-F-S] and [F-S-Z]. 
EXAMPLE 1. As a first example consider a variant of an equation of anomalous diffusion studied e.g. in [B-K-W 2], that is the equation of the form:
and take a bounded set U C W 1,p (ii). For <f>,ip e i/, we obtain
where local Lipschitz continuity of /' has been used. As a consequence of Proposition 2, to any uq G (3 6 (5, a), corresponds a unique X^p solution of (12) L°°(Q) estimate. Multiplying (12) by u 2k~l , k = 1,2,..., and integrating over ft we obtain
Note that we have the equality
Now the properties Sfc(0) = 0 and (13) ensure that the last integral in (17) vanishes. The first right hand side term in (17) will be transformed based on the Kato-Beurling-Deny inequality (40) with q = 2k:
Note, that for arbitrary t > 0 the local solution u to (12), (14), /3 € (±,a), belongs to
and to get the inequality (19) l|u(t>t*>)||L» ( n) < INII^e"«™^.
Letting k tend to infinity, one finds (20) IK*,uo)||£~(fi) < ||wolli~(n), so that the solutions axe estimated globally in time in L°°(Cl).
REMARK 1. The a priori estimates (19), (20) are formally valid also when (3 € (0,^], provided that solutions under consideration are sufficiently smooth. However, for such range of the parameter /3, equation (12) changes its type since the nonlinearity is not subordinated to the main linear part.
In that case we do not have local existence of solutions within the approach used in this paper.
The subordination condition for the nonlinear term (see [C-D 1, condition (3.1.4) ]) may now be written in the form: (ii), /3 e (5,a). This justifies local solvability of (12), (14) in xf 2 , 0 e For global solvability and the existence of a global attractor it suffices to find time independent estimate of ||jF(u(i, tio))||z, where i) is a bounded domain in R n with dil 6 C 2 and a € (0,1). We assume that g : R -> R is a locally Lipschitz function and choose p > 2 such that 2a -2 > 0.
The equation (26) may be rewritten as an abstract problem in X = 1^(0) with corresponding to g Nemytskii operator G : -> X being Lipschitz continuous on bounded sets. Here X^p denotes the domain of (-A^)^ in LP(P) and ¡3 is such that (27) 2/3 --> 0, (3 € P so the embedding X^p C C(ii) is continuous. The above justifies existence of the local X^p solutions to (26).
Global solutions to (26).
For the global solvability and the existence of a global attractor we shall assume additionally that g fulfills the dissipativeness condition:
(28) limsup^<0. |s| -+oo s As in the case of a scalar parabolic equation (see [HA, p. 75] Asymptotic behavior of solutions to (26). As known, the existence of a Lyapunov function having all properties of [HA, determines the asymptotic behavior of solutions. Following closely the presentation of [HA, one can check that the problem (26) generates on X^p (¡3 satisfying (27)) a gradient system whenever g is a C 2 function. All w-limit sets of points are contained in the set E of stationary solutions to (26), that is in the set of solutions to
Whenever the set E is bounded in compactness of the resolvent of (-Ac) 0 (see Remark 2) ensures the existence of a global attractor A for the semigroup generated by (26) on X^p, ft as in (27) (see [HA, Theorem 3.8.5] [HE] and Definition 1 of an operator of type (u, M{9) ).
For o G R and 4> € (0, f), by denote a sector of the complex plain 
|A -a|
We shall show that for a = 0 and w < f Definitions 1 and 2 are equivalent, i.e. an operator A is of type (oj, M{0)) if and only if A is sectorial with sector Sq^. This will be a simple consequence of the proposition below. (i+l) and the estimate (37), we obtain that IKfor each A with arg A 6 (9-a, 9+a). Since the interval [<f>, 2ix-<f>) is compact, the proof is complete.
• The Kato-Beurling-Deny inequality. A version of the famous KatoBeurling-Deny inequality will be proved below for completeness of the presentation. We shall focus here on A = -Ad in L 2 (fi), ii C R n being a bounded C 2 domain, which is a special case of the general theory in [DA] .
It is well known that (si + A) -1 , s > 0, has a positive symmetric kernel K s = K s (x,y), x,y €fl, satisfying the estimate in [TA, 5.168, p. 210] . Also, the integral formula for fractional powers of A (see [TR, §1.15.1 (6) . We need to assume additionally that the coefficients a+j awe real, a^ 6 C 1 (fi), a^ = aji, i,j = l,...,n, and the following ellipticity condition is satisfied: n *J=i For the weaker possible assumptions on the coefficients and the boundary of ii one may refer to [DA] . The Moser-Alikakos technique. The lemma below has been used in the estimates of Example 2. 
